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Abstract
Self-similar solution is obtained for propagation of a strong shock, in a flat
expanding dusty Friedman universe. Approximate analytic solution was
obtained earlier, using relation between self-similar variables, equivalent to
the exact energy conservation integral, which was obtained by L.I. Sedov
for the strong explosion in the static uniform medium. Numerical integra-
tion of self-similar equation is made here, giving an exact solution of the
problem, which is rather close to the approximate analytic one. The differ-
ences between these solutions are most apparent in the vicinity of the shock.
For polytropic equation of state, self-similar solutions exist in more narrow
interval of the adiabatic power than in the static case.
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1 Introduction
At early stages of star and galaxy formation we may expect strong explosions at
last stages of evolution of very massive primordial stars, which enrich the matter
with heavy elements. Detection of heavy elements at red shifts up to z ∼ 10 from
GRB observations (GRB090423 at z ≈ 8.2, GRB120923A at z ≈ 8.5, GRB090429B
with a photo-z ≈ 9.4) [17] make plausible this suggestion. Propagation of a strong
shock in the static uniform media was investigated by many authors [16], [18],
but the finite analytic self-similar solution was obtained in [13]. Analytic self-
similar solution for the strong shock propagating through the uniform expanding
media was obtained in [3], describing approximately a strong shock propagation in
the flat Friedman universe [20]. The analytic solution was obtained in neglecting
the energy input from the kinetic and gravitational energy of the non-perturbed
Friedman model, into heating of the matter behind the shock. Here the numerical
solution of the same self-similar equation is obtained, which take into account all
processes. It is shown that restrictions for the adiabatic power γ obtained for
validity of the analytic solution, with small corrections, remain also for the exact
numerical one, and numerical difference between both solutions is not large. A
qualitative behaviour of the density dependence between two solutions happens in
the thin layer near the shock front. The problem of a strong shock propagation in
the expanding medium was considered earlier in [1, 5, 7, 8, 12, 15, 19] Propagation
of a detonation wave in the flat expanding universe was studied in [2, 6]. Shock
propagation in the outflowing stellar wind was considered in [4]. Review of papers
on this topic is given in [11].
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2 Self-similar equations for a strong shock in a
uniform expanding medium
Let us consider equations in spherical coordinates, describing in the Newtonian
approximation, a uniformly expanding v = H(t)r, self-gravitating medium, with
a density ρ(t) depending only on time, what corresponds to the Friedman model
of the universe [20].
∂v
∂t
+ v
∂v
∂r
= −1
ρ
∂p
∂r
− Ggm
r2
,
∂ρ
∂t
+
∂ρv
∂r
+
2ρv
r
= 0, (1)(
∂
∂t
+ v
∂
∂r
)
ln
p
ργ
= 0,
∂m
∂r
= 4piρr2.
We take a flat dusty model with a velocity tending to zero at time infinity, having
density ρ1(t), and expansion velocity v1 = H1(t)r. The exact solution of the system
(1) for a uniform expanding self-gravitating medium is written as
ρ1 = δ/t
2, δ =
1
6piGg
, ρ1 =
1
6piGgt2
; H1 =
2
3t
, v1 = 2r/3t;
m =
4pi
3
ρr3 =
2r3
9Ggt2
,
Ggm
r2
=
2
9
r
t2
. . (2)
Here Gg is the gravitational constant. The newtonian solution for the flat expan-
ding universe is valid physically in the region where v1  clight, c  clight. For
the case of a point explosion with the energy E, the number of parameters is the
same as in the previous static medium (δ, E), therefore we look for a self-similar
solution for the case of a strong shock motion. The non-dimensional combination
in the case of a uniformly expanding medium is written as r(δ/Et4)1/5. A position
of the shock in the self-similar solution should correspond to the fixed value of the
self-similar coordinate, so that the distance of the shock to the center R may be
written as
R = β
(
Et4
δ
)1/5
, (3)
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where β is a number depending only on the adiabatic power γ. The velocity of the
shock u in the laboratory frame, for the unperturbed expanding gas is defined as
u =
dR
dt
=
4R
5t
=
4βE1/5
5δ1/5t1/5
. (4)
The velocity of the shock u, the velocity of the matter behind the shock v2, moving
through the uniformly expanding medium (2), are decreasing with time ∼ t−1/5,
and the pressure behind the shock p2 is decreasing ∼ t−2/5, what is considerably
slower than in the case of the constant density medium. It happens due to the
fact, that the background density is decreasing with time, and the resistance to
the shock propagation is decreasing also.
The Euler equations of motion (2) are valid in this case, the conditions on the
strong shock discontinuity should be written, with account of the expansion, in
the laboratory frame as
v2 =
2
γ + 1
u+
γ − 1
γ + 1
vsh1 , ρ2 =
γ + 1
γ − 1ρ1, (5)
p2 =
2
γ + 1
ρ1(u− vsh1 )2, c22 =
2γ(γ − 1)
(γ + 1)2
(u− vsh1 )2.
Here vsh1 =
2R
3t
is the unperturbed expansion velocity on the shock level. The
subscript ”2” is related to the values behind the shock. We introduce non-dimen-
sional variables behind the shock as
v =
4r
5t
V, ρ =
δ
t2
G, c2 =
16r2
25t2
Z, m =
4pi
3
ρ1r
3M =
4pi
3
r3
t2
δM, (6)
depending on the self-similar variable ξ, defined as
ξ =
r
R(t)
=
r
β
(
δ
Et4
)1/5
. (7)
The conditions (5) on the strong shock at r = R, ξ = 1, in non-dimensional
variables (6) are written as
V (1) =
5γ + 7
6(γ + 1)
, G(1) =
γ + 1
γ − 1 , Z(1) =
γ(γ − 1)
18(γ + 1)2
, M(1) = 1. (8)
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In non-dimensional variables (6) the original system (2) is written as
Z
(
d lnZ
d ln ξ
+
d lnG
d ln ξ
+ 2
)
+ γ(V − 1) dV
d ln ξ
= γV (
5
4
− V )− 25
72
γM, (9)
dV
d ln ξ
− (1− V )d lnG
d ln ξ
= −3V + 5
2
, (10)
d lnZ
d ln ξ
− (γ − 1)d lnG
d ln ξ
= −5− 2V −
5
2
γ
1− V , (11)
ξ
dM
dξ
= 3(G−M). (12)
Here we used relations
∂ξ
∂t
∣∣∣∣
r
= −4ξ
5t
,
∂ξ
∂r
∣∣∣∣
t
=
ξ
r
. (13)
3 Construction of the approximate first integral
of the problem
The system of four equations (9)-(12), describing the self-similar solution of the
problem, has an approximate first integral, corresponding to the energy conserva-
tion integral in the case of the static background medium [13]. In the static case
without gravity the energy of the unperturbed cold medium was zero, therefore
the only energy of the matter came from the energy brought by the explosion. All
this was situated behind the shock, as a sum of the kinetic and thermal energy,
remaining constant during the whole process. In the case of the expanding gravi-
tating medium, it the unperturbed state it has the kinetic and gravitating energy.
During the expansion after explosion they could be partially transformed into the
thermal and kinetic energy of the gas behind the shock. Therefore this sum is not
conserved anymore, contrary to the static case. We expect that in the case of a
strong explosion the change of the explosion energy is smaller than its initial value,
and may be approximately considered as a constant. This approximate integral
was found in [3]
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To find this integral, a situation was considered in the coordinate system,
where the background medium is locally static on the shock at r = R(t). In
this coordinate system it is possible to construct the combination of functions,
representing the first approximate energy integral. Due to self-similarity there
should be conservation of this integral inside any sphere of smaller radius r ≤ R(t).
The frame which is locally comoving at r = R, has a velocity vsh1 =
2R
3t
relative to
the laboratory frame, and behind the shock, at r ≤ R(t) we should use instead, due
to self-similarity, the velocity vsh1
r
R
= 2r
3t
, like in the case of the static background.
This velocity should be subtracted from all velocities in the expression for the first
integral from[13]. At r ≤ R(t) the velocity vn = u rR = 4r5t . We have than
(v−vsh1
r
R
)
(
c2
γ − 1 +
(v − vsh1 rR)2
2
)
= (vn−vsh1
r
R
)(
c2
γ(γ − 1) +
(v − vsh1 rR)2
2
). (14)
In the non-dimensional variables (6) we have from (14)(
4r
5t
V − 2r
3t
)[
Z
γ − 1
16r2
25t2
+
1
2
(
4r
5t
V − 2r
3t
)2]
(15)
=
(
4r
5t
− 2r
3t
)[
Z
γ(γ − 1)
16r2
25t2
+
1
2
(
4r
5t
V − 2r
3t
)2]
.
vn =
4r
5t
, v =
4r
5t
V
This relation reduces to
(V − 5
6
)
[
Z
γ − 1 + (V −
5
6
)2
]
= (1− 5
6
)
[
Z
γ(γ − 1) + (V −
5
6
)2
]
, (16)
from what follows the first integral in the form
Z =
(γ − 1)(1− V )(V − 5
6
)2
2(V − 5
6
− 1
6γ
)
. (17)
At the shock r = R, ξ = 1, with Z(1) and V (1) from (8), the approximate
first integral becomes an identity, what confirms its consistency with the problem.
Using the approximate first integral (17) we may consider only two differential
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equations, not containing gravity terms, (10) and (11) for finding a solution of the
problem, like in the classical Sedov case. In the case of the expanding universe
the relation (17) may be interpreted as the profiling function of the temperature
behind the shock. It could be possible to construct many other profiling functions,
but this one is probably the only one, permitting to find the approximate analytical
solution [3].
4 Approximate analytic solution for expanding
medium
Similar to the static background medium in the previous section (see [13],[14]), we
look for an analytic solution of (10),(11), where the variable Z is determined by
the algebraic relation (17). Excluding d lnG
d ln ξ
from (10),(11), we obtain the equation
(γ − 1) dV
d ln ξ
− (1− V )d lnZ
d ln ξ
=
5
2
− 3γV + V. (18)
From (17) we find
d lnZ
d ln ξ
= − 1
1− V
dV
d ln ξ
+
2
V − 5
6
dV
d ln ξ
− γ
γV − 5γ
6
− 1
6
dV
d ln ξ
. (19)
After substituting in (18) we find the following equation for the variable V(
γ + 1− 2
6V − 5 +
γ − 1
6γV − 5γ − 1
)
dV
d ln ξ
=
5
2
− 3γV + V. (20)
The solution of Eq. (20) is written in the form [3]
− 2
20− 15γ ln(V −
5
6
) +
γ − 1
17γ − 15γ2 + 1 ln(V −
5
6
− 1
6γ
) (21)
+
[
− γ + 1
3γ − 1 −
γ − 1
17γ − 15γ2 + 1 +
2
20− 15γ
]
ln
(
V − 5
6γ − 2
)
= ln ξ + const.
Using the boundary condition (8) for ξ = 1, we obtain the solution for V (ξ) as[
(γ + 1)(3V − 5
2
)
]µ1 [γ + 1
γ − 1(6γV − 5γ − 1)
]µ2 [
6(γ + 1)
3γV − V − 5
2
15γ2 + γ − 22
]µ3
= ξ,
(22)
7
with
µ1 =
2
15γ − 20 , µ2 =
γ − 1
17γ − 15γ2 + 1 , (23)
µ3 = − γ + 1
3γ − 1 −
γ − 1
17γ − 15γ2 + 1 +
2
20− 15γ .
For finding a solution for G(ξ) we write the equations (10) and (20) in the form
1− (1− V )d lnG
dV
= −(3V − 5
2
)
d ln ξ
dV
, (24)
d ln ξ
dV
=
γ + 1− 2
6V−5 +
γ−1
6γV−5γ−1)
5
2
− V (3γ − 1) . (25)
The equation for G(V ) is written in the form
1− (1− V )d lnG
dV
= −(3V − 5
2
)
γ + 1− 2
6V−5 +
γ−1
6γV−5γ−1
5
2
− V (3γ − 1) . (26)
The solution of (26) has a form
lnG = κ1 ln(1− V )) + κ2 ln(V − 5γ + 1
6γ
) + κ3 ln(V − 5
6γ − 2) + const1. (27)
Here
κ1 =
7
3γ − 1 −
2
6γ − 7 +
(15γ − 20)(γ − 1)
(6γ − 7)(15γ2 − 17γ − 1)
− 3γ(15γ − 20)
(3γ − 1)(15γ2 − 17γ − 1) −
15γ − 20
3γ − 1
γ + 1
6γ − 7 , (28)
κ2 = − 3
3γ − 1 +
3γ(15γ − 20)
(3γ − 1)(15γ2 − 17γ − 1) .
κ3 =
2
6γ − 7 −
(15γ − 20)(γ − 1)
(6γ − 7)(15γ2 − 17γ − 1) +
15γ − 20
3γ − 1
γ + 1
6γ − 7 ,
The const1 is found from the boundary conditions (8), and finally we obtain the
solution for G(V ) in the form
G(V ) =
γ + 1
γ − 1
[
6
(γ + 1)(1− V )
γ − 1
]κ1 [γ + 1
γ − 1(6γV − 5γ − 1)
]κ2
(29)
×
(
3(γ + 1)
15γ2 + γ − 22[(6γ − 2)V − 5)]
)κ3
.
The function Z(V ) is determined by the integral (17).
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The mass function M(ξ) is obtained from the solution of Eq. (12), which has
a form of a linear non-uniform equation. The uniform equation ξ dM
dξ
= −3M has
a general solution M = C ξ−3. Looking for the particular solution of the non-
uniform equation in the form M = C(ξ) ξ−3, we obtain C(ξ) = 3
∫ ξ
0
G(η)η2dη.
Finally. the nonsingular solution for M is written as
M(ξ) = 3 ξ−3
∫ ξ
0
G(η)η2dη. (30)
5 Main properties of the approximate analytic
solution
The analytic solution (22),(29),(17),(30) has a complicated dependence of γ, and
physically relevant solution exist only for limited values of γ. To have positive
values in brackets of (22), and to satisfy the condition for V on the shock (8) we
obtain restrictions for V as
V >
5
6
, V >
1 + 5γ
6γ
, V < V (1) =
5γ + 7
6(γ + 1)
. (31)
To satisfy all these conditions we obtain the restriction for γ as 1 < γ < γ∗, where
γ∗ is defined by equation
15γ2 + γ − 22 = 0, γ∗ = − 1
30
+
√
1
900
+
22
15
, γ∗ ≈ 1.1782. (32)
Numerical solution of self-similar equations (9)-(12), presented below, has very
similar restrictions for γ. We may conclude, therefore, that for other γ >∼ γ∗
there are no self-similar solutions. On figures are plotted, for different γ < γ∗,
functions from the analytical solution: V (ξ) from (22) in Fig.1; G(ξ) from (29) in
Fig.2; Z(ξ) from (17) in Fig.3; and M(ξ) from (30) in Fig.4.
Introduce notations
V ′ =
d V
d ξ
, G′ =
dG
d ξ
, Z ′ =
dZ
d ξ
(33)
9
Figure 1: Approximate analytic solution for V (ξ)
Figure 2: Approximate analytic solution for G(ξ)
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Figure 3: Approximate analytic solution for Z(ξ)
Figure 4: Solution for M(ξ) from (30) based on approximate analytic equations
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At the shock ξ = 1 the derivative of the self-similar functions are found from
(19),(20),(10) giving
V ′(1) =
−15γ2 − γ + 22
6(γ + 1)2
; G′(1) =
−15γ2 + 5γ + 28
(γ − 1)2 ; Z
′(1) =
(15γ2 + γ − 22)γ
9(γ + 1)3
(34)
It follows from (32),(6), that for γ < γ∗ the derivative have the following signs
V ′(1) > 0; G′(1) > 0; Z ′(1) < 0 (35)
6 Numerical solution of self-similar equations
The system of equations (9)-(12), written explicitly for derivatives, has a form:

dlnG
dlnξ
=
3− 52 γ
1−V Z− 2572γM+γ(2V 2− 174 V+ 52 )
γ[Z−(1−V )2] ;
dV
dlnξ
= (1− V )dlnG
dlnξ
− 3V + 5
2
;
dlnZ
dlnξ
= (γ − 1)dlnG
dlnξ
− 5−2V− 52γ
1−V ;
dM
dlnξ
= 3(G−M)
That reduces to:
ξ
dG
dξ
= G
3Z
γ
1− 5γ
6
1−V − 174 V + 52 + 2V 2 − 2572M
Z − (1− V )2 , ξ
dM
dξ
= 3(G−M), (36)
ξ
dV
dξ
= ξ
1− V
G
dG
dξ
− 3(V − 5
6
),
ξ
Z
dZ
dξ
= ξ
γ − 1
G
dG
dξ
− 5− 2V −
5
2
γ
1− V .
Note, that the expression (30) for M(ξ) is valid also for the exact numerical
solution. This system is solved by integration, starting from the point ξ = 1,
where the variables are defined by conditions on the shock (8). At this boundary
the derivatives have the following values
dV
dξ
∣∣∣∣
ξ=1
=
−30γ2 − 11γ + 27
6(γ + 1)2
;
dG
dξ
∣∣∣∣
ξ=1
=
−30γ2 − 5γ + 33
(γ − 1)2 ; (37)
12
Figure 5: Numerical solution for V (ξ)
dZ
dξ
∣∣∣∣
ξ=1
= −γ(15γ
3 − 35γ2 − 17γ + 49)
18(γ + 1)3
;
dM
dξ
∣∣∣∣
ξ=1
=
6
γ − 1
Here derivatives V ′, G′ and Z ′ are negative at ξ = 1, what differs from the deriva-
tives in the approximate analytic solution in (35). Numerical integration of the
system (36) shows, that close to the shock boundary the values of G(ξ) and V (ξ)
reach their maxima, and decrease monotonically until the origin ξ = 0, see Figs.
5,6,7. Numerical solutions for Z(ξ) and M(ξ) for different γ are given in Figs.8,9,
respectively. The self-similar solutions, filling all space, exist only in the interval
1 < γ < γ∗∗, where γ∗∗ = 1.155. For γ > γ∗∗ = 1.155 the empty spherical space
should be formed around the center, at a finite distance behind the shock, similar
to Sedov solution for the shock in the static uniform gas, where the empty sphere
around the center is formed at γ > 7 [9].
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Figure 6: Numerical solution for V (ξ) where ξ from 0.8 to 1.0
Figure 7: Numerical solution for G(ξ) where ξ from 0.9 to 1.0
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Figure 8: Numerical solution for Z(ξ)
Figure 9: Numerical solution for M(ξ) where ξ from 0.9 to 1.0
15
7 Discussion
The constant β in the definition of the non-dimensional radius ξ in (7) is obtained
from the explosion energy integral E. Due to zero energy (kinetic + gravitational)
in the non-perturbed solution, the conserving value of the explosion energy behind
the shock, in the uniformly expanding medium, with velocity and density distribu-
tions (2), with account of the gravitational energy, is determined as
E =
∫ R(t)
0
ρ
[
v2
2
+
c2
γ(γ − 1)
]
4pir2dr −
∫ R(t)
0
Ggmdm
r
. (38)
In non-dimensional variables (6) this relation reduces to the equation for the con-
stant β
β−5 =
64pi
25
∫ 1
0
G
[
V 2
2
+
Z
γ(γ − 1)
]
ξ4dξ − 8
3
∫ 1
0
Gξ
(∫ ξ
0
Gη2dη
)
dξ. (39)
Table 1: The values β(γ) for the analytic and numerical solutions
γ βan βnum
1.05 3.2910 3.3512
1.10 2.2268 2.5003
1.12 2.0423 2.3713
1.15 1.8522 2.2416
The values β(γ) for the analytic solution at γ < γ∗∗, and numerical one for
γ < γ∗∗, are given in the Table. It follows from the self-similar solution, that in
the expanding medium the velocity of shock from (4) decreases as ∼ t−1/5, what
is much slower than the shock velocity in the static uniform medium ∼ t−3/5,
according to Sedov solution [13]. Correspondingly the radius of the shock wave
in the expanding self-gravitating medium increases ∼ t4/5, more rapidly that the
shock wave radius in the uniform non-gravitating medium ∼ t2/5. It means, that
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the shock propagates in the direction of decreasing density with larger speed, than
in the static medium, due to accelerating action of the decreasing density, even in
the presence of a self-gravitation.
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